Lecture 9: Curves




Today: Curves

e Basics of shape representation
e Basics of curves

e Continuity conditions

e Polynomial pieces

e Cubics



Shapes (informally)

¢ a set of points (infinite]

e livesin a "space"” - dimension of
the points

o a line segment can be in:
= the plane (2D)
= space (3D]
= hyper-space (4D)

= etc
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Curves

e "Most" points have 2 "neighbors” (next, previous]

o endpoints

e Intuition: set of points drawn with a "pen” /\J

o Crossing

e mapping from time to place

o (@,y) = f(t)fort € [0,1]
T J
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Curves vs. Areas/Regions/Surfaces

/\/ — OSfen insid ¢
cul /<
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Types of Curve Representations

e Implicit (test function)4— O

o f(z,y) =0
e Parametric 4— /1/\-/\
oy = f(x)

o x,y = f(t) - for some free parameter ¢

e Procedural
e Subdivision
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Implicit Representations

A function that tests if a point is in the set

e f(z,y) =0
P @

e Easy for geometric tests

e Harder for drawing
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Parametric Representations

Index the set with a free parameter binish ,
@ =i —
shat

- easy to generate points - free parameter controls mapping


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher



Same Points, Different Functions

t € |0,1] -

t —J +
() = (£,0) —
£(t) = (1 —t,0)
| 1) = (#,0)

o different curves?

o different parameterizations of the same curve?
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Mathematics defines curves 2 ways

e the image of a 1D interval
it's the points!

e the mapping from a 1D interval to a space
it's the function (mapping)

we'll try to be specific with what we mean if it matters

usually: curve is a set of points, parameterization is the mapping

10



A Circle

Implicit

+y° —1=0

N

Parametric

r = cos(2t

y = sin(2

t €0,1]

N

)

|

11


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher



Inside the Disc (area - not a curve)

Implicit Parametric

-+ y° <1 xr = r cos(2mt)
y = rsin(27t)

{} t € [0,1],r € [0,1]
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Subdivision Representations

e Start with a set of points
e Have a rule that adds new points (possibly moving others)

e Repeat the rule to add more points

e repeat infinitely many times to get the curve
e design rules so it converges

e limit curve is what you get after infinite subdivisions

C—
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Toy Example

e Rule: insert a new point 1/2 way between

e Limit Curve: line segments

14
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Parametric Forms

Assuming points Z or X

x = f(t
9
For a curve:

e {is a scalar in some range

E

e X is a point (in 2D or 3D}

o fisafunction R — &R2 [or R?),

One "vector" function or functions per dimension
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Free Parameters and Shape Parameters

/;z:jz.

XY,

16
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The range of the free parameter

t goes from start to end DE S.J. e
can always scale to|0,]1 | = end

convention: usefor parameter in [0,1]
(unit parameterization)

use t for more general case (which includes unit)
This is convention - we can use any variable names we like

This will keep coming up

17


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher



Approximation

How many points before it looks
"right™?
[smooth)

e Good enough for manufacturing?
is this round enough to roll?
e What if we zoom in?

Keep "real" curve (infinite...)
Approximate to draw, ...
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Aside: Drawing Curves

Ultimately approximate with pixels

Good algorithms for basic shapes

¢ |ines, circles

e bezier curves MA

e |later in class

Raster Algorithms

e in the library/API

e (often) in hardware
19
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Defining Smoothness

We will actually define
continuity
[~

Does it have abrupt changes?

e breaks / gaps “,

e corners
e changes in higher derivatives
—— O
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= b/cal\S

Continuity vs. Other Smoothness

f
NN N

iy — W’N[j She  Wave
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Continuity defined

Are the points next to each other?
Can we draw without lifting the pen?

At a parameter value u
flu™) = f(u)

This is continuity in value
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Continuity in Direction

Does the curve change direction suddenly?

23
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Tangent Vectors

Line that touches the curve at the point
Velocity (vector) of the pen's travel

Derivative of position with respect to free parameter

x = f(t)

ST __ of
X = f'(t), where f' = &

Tangent/velocity is a vector
It is a function of the free parameter

24
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Discontinuity Example

Piecewise line segments:
f(u) = if u<.5 then (u,0) else (u,1)

or
f(u) = (u<.5) ? (u,0) : (u,1)

Position discontinuity at u=.5
——
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Discontinuity Example

Piecewise line segments:

f(u) = if u<.5 then (u,u) else (u,.5)

Tangent (first derivative) discontinuity at u=.5

Note: discontinuities happen when we switch
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Continuity Conditions

We say a curve is C'(n) continuous
If all its derivatives up to (and including) 12 are continuous

C'(0) - positions
C'(1) - positions and tangents (Ist derivatives)
C'(2) - positions and tangents and 2nd derivatives
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How much continuity do we need?

C'(0) - no gaps
C'(1) - no corners
C'(2) - looks smooth

Higher...
Important for airflow (airplane, car, boat design)
Important for reflections
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Speed Matters?

f(u) = if u<0.5 then (u,0) else (2u-0.5,0)

It's a horizontal line
The pen doesn't change direction
It does change "speed" at the point
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C and G continuity

C'(n) continuity - all derivatives up to 1 match
G (n) continuity - the directions of the derivatives match

Kafe)

Technically: requires some terms we haven't learned yet

Consider continuity where segments come together

|
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Better pieces than line segments

Circular arcs? [ r

31
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C and G continuity with arcs

f Zn} T
— ) dn! i C O )

/ \ ' ' Cm( ‘;' nit C (Z)

), 6, chy, CB.- ((2)

G () nd e()

C
/li fh—v e)(cell Ja,}_,,'/ ol .
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Piecewise Polynomials

Chains of low-degree polynomials ﬂ
6

¢ line segment chains (1st degree)
e chains of 2nd or 3rd degree (or more]

A,

33
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Why not pieces of higher degree?

Given 1 points, you can make an n — 1 degree polynomial

e hard to compute p
e hard to control - /

e unwanted wiggles

Come back to this later ‘
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Piecewise Parameterizations

Overall parameterization (£ Yoo
Per-piece parameterization (u)] Je!

o3 /
| 4’;7/
.0 \\ —
< v=I
\J~ U=0
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General Polynomials

ao a4 92 43

f(g) :aOT‘F alt—l—a2t2—|—..._|_antn [ 3
for 2D, we need: ] 10 0 p +
fw(t) — Aoy T _a’_lmt T ‘__1_23;752 R %wtn _
E(t) — a’Oy T alyt I Cl,zyt2 I a"n,ytn S

or use vector notation 7Y
£(t) — B+ art + ant? + -+ apt”

Note: the dimensions are independent
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General Polynomials

f(t) = ag + ait + ast” + - - -

f(t) — i aiti
1=0

37

+ a,t”


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher


Michael Gleicher



Polynomials

Linear in the coefficients (given u)

38
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Polynomial Forms: Line Segment

ag and aj
f(u) =ap + aju

is this convenient?
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Polynomial Forms: Line Segment

ag and aj /[ ;,

f(u) =ap + aju f
Po and p;
f(u) = (1 — u)po + up; f= b

easy to specify
easy to check continuity between segments
easy to convert between forms
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Polynomial Forms: Line Segment

ag and aj /(;r

o !
f(u) =ap + aju Q.
Po and p; '
f(u) = (1 — u)po + up; o
c and d (center and displacement]) fa /
fluy)=c+2x%(u—.5)*xd o

Ve

and many others
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Change of parameters

a9 and a3

f(u) =ap + aju o+ A
;0,: 0 {

Po and p; )

f(u) = (1 —u)po +up: o2 A

easy to compute a; from other parameters
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Beyond a line...

We need curved segments to get better continuity
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Quadratic (2nd degree) Segments

ag, a1, and a9

f(u) = a0 + aru + agw’ \  _/

what can we do with this?

note: J T

° f(O) = Q,
CF(0) = O

e f(1) =ag +a; +as 4—
o if you want to specify where the curve ends, you can compute a»

o are aj and as convenient? 2
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Quadratic (2nd degree) Segments

ag, a1, and a9 ,'o‘ ._PVL
f(u) = ag + aju + asu? ( "o
Po, P1,and 2? Po P

e interpolate o1

e stay inside triangle (influence]

o specify derivatives (to help match neighbors])
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Cubics

The most popular choice in computer graphics

e specify position and 1st derivative at the ends
e C(1), interpolation, local control

e 4x4 matrices (just like 3D transformations)
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